Let K 1 , K 2 be two compact convex sets in C. Their Minkowski product is the set
Introduction
Let K 1 , K 2 be compact convex sets in C. We study the Minkowski product of the sets defined and denoted by
This topic arises naturally in many branches of research. For example, in numerical analysis, computations are subject to errors caused by the precision of the machines and round-off errors. Sometimes measurement errors in the raw data may also affect the accuracy. So, when two real numbers a and b are multiplied, the actual answer may actually be the product of numbers in two intervals containing a and b; when two complex numbers a and b are multiplied, the actual answer may actually be the product of numbers from two regions in the complex plane. The study of the product set also has applications in computer-aided design, reflection and refraction of wavefronts in geometrical optics, stability characterization of multi-parameter control systems, and the shape analysis and procedural generation of two-dimensional domains. For more discussion about these topics, see [3] and the references therein. Another application comes from the study of quantum information science. For a complex n × n matrix A, its numerical range is defined and denoted by Theorem 2.1 Let K 1 = K(α 1 , α 2 ) and K 2 = K(β 1 , β 2 ) be two line segments in C. Then K 1 K 2 is a star-shaped subset of K(α 1 β 1 , α 1 β 2 , α 2 β 1 , α 2 β 2 ).
In general, K(α 1 , . . . , α n )K(β 1 We will give a complete description of the set K 1 K 2 in the following. If one or both of the line segments K 1 , K 2 lie(s) in a line passing through origin, the description is relatively easy as shown in the following. Proposition 2.2 Let K 1 = K(α 1 , α 2 ) and K 2 = K(β 1 , β 2 ) be two line segments in C.
1.
If both K(0, α 1 , α 2 ) and K(0, β 1 , β 2 ) are line segments, then K 1 K 2 is the line segment K(α 1 β 1 , α 1 β 2 , α 2 β 1 , α 2 β 2 ). 2 . Suppose K(0, α 1 , α 2 ) is a line segment and K(0, β 1 , β 2 ) is not.
(2.a) If 0 ∈ K(α 1 , α 2 ), then K 1 K 2 = K(0, α 1 β 1 , α 1 β 2 ) ∪ K(0, α 2 β 1 , α 2 β 2 ) is the union of two triangles (one of them may degenerate to {0}) meeting at 0, which is the star center of K 1 K 2 .
(2.b) If 0 / ∈ K(α 1 , α 2 ) then K 1 K 2 = K(α 1 β 1 , α 1 β 2 , α 2 β 1 , α 2 β 2 ).
Proof. 1 . There exist α, β, a 1 , a 2 , b 1 , b 2 ∈ R such that K 1 = {re iα : a 1 ≤ r ≤ b 1 } and K 2 = {re iβ : a 2 ≤ r ≤ b 2 }. So, we have
(2.a) Evidently, K 1 K 2 = K(0, α 1 )K 2 ∪ K(0, α 2 )K 2 and K(0, α i )K 2 ⊆ K(0, α i β 1 , α i β 2 ) for i = 1, 2. We are going to show that
, then there exist s, t ≥ 0 with 0 < s + t ≤ 1 such that x = sα i β 1 + tα i β 2 . Therefore, x = ab, where
The situation is more involved if neither K(0, α 1 , α 2 ) nor K(0, β 1 , β 2 ) is a line segment. To describe the shape of K 1 K 2 in such a case, we put the two segments in a certain "canonical" position. More specifically, the next proposition shows that we can find α 0 and β 0 ∈ C such that α
Then α 0 (respectively, β 0 ) is the point on the line passing through α 1 and α 2 (respectively, β 1 and β 2 ) closest to 0. We have
for some a 1 , a 2 , b 1 and b 2 ∈ R.
Proof. The line passing through α 1 and α 2 is given by the parametric equation r(t) = α 1 + t(α 1 − α 2 ), t ∈ R. α 0 in (1) is obtained by minimizing |r(t)| 2 . Similarly, we have β 0 . By direct calculation we have (2) with
We can now describe K 1 K 2 for two line segments
is a simply connected set, we focus on the description of the boundary and the set of star centers of K 1 K 2 in the following.
Assume a 1 ≤ b 1 ; otherwise, interchange the roles of K 1 and K 2 . Then one of the following holds. Figure 1 (a) and (a.i).
, and the boundary of
, and the curve
2 , α 2 β 2 ) lies on the tangent line of the curve E at α 2 2 , and K(β 2 1 , α 1 β 1 ) lies on the tangent line of the curve E at β 2 1 . The set of star centers equals K(α 1 , β 1 )K(α 2 , β 2 ), which may be a quadrilateral, a line or a point; see Figure 1 
2 , α 2 β 2 ) lies on the tangent line of the curve C at β 2 2 , and K(β 2 1 , α 1 β 1 ) lies on the tangent line of the curve C at β 2 1 . The unique star center is β 1 β 2 ; see Figure 1 (c).
To prove Theorem 2.4, we need the following lemma that treat some special cases of the theorem. It turns out that these special cases are the building blocks for the general case.
is the simply connected region bounded by the line segments
and the curve
The set L 1 is a segment of the tangent line of E at (1 + a 1 i) 2 , and L 2 is a segment of the tangent line of E at (1 + a 2 i) 2 .
Proof. (a) Suppose α j = 1 + a j i and
. It suffices to show that the union of the line segments
The expression on the left hand side is
Since a 2 ≤ b 1 and b 2 > a 1 , then we are done.
To prove (b), first note that L 1 , L 2 and E are clearly in
with equation x = 1 − a 1 (y − a 1 ) and L 2 with equation x = 1 − a 2 (y − a 2 ) are tangent to the parabola E with equation
4 at the points (1 − a 2 1 , 2a 1 ) and (1 − a 2 2 , 2a 2 ) respectively. Since K 1 K 1 is simply connected, the region
which is the region enclosed by L 1 , L 2 and E is a subset of
Then there exist r and s with a 1 ≤ r, s ≤ a 2 such that
Note that
we have rs ≥ a 1 (s + r − a 1 ), a 2 (s + r − a 2 ). Hence,
, and
This shows that
Proof of Theorem 2. 4 .
We show that if K 1 K 2 can be written as the union of subsets of the form in Lemma 2. 5 
By Lemma 2.5, we get the conclusion.
By Theorem 2.4, we have the following corollary giving information about the star center of the product of two line segments without putting them in the "canonical" position.
is star-shaped and one of the following holds.
(a) There exists ξ ∈ C such that ξK 1 ⊆ K 2 . Equivalently, the segments K(α 1 β 1 , α 1 β 2 ) and K(α 2 β 1 , α 2 β 2 ) intersect at ξα 1 α 2 . In this case, ξα 1 α 2 is the unique star-center of K 1 K 2 .
(b) There exists ξ ∈ C such that ξK 2 ⊆ K 1 . Equivalently, the segments K(α 1 β 1 , α 2 β 1 ) and
In this case, ξβ 1 β 2 is the unique star-center of
(c) Condition (a) and (b) do not hold, and every point in
The product set of two convex polygons
In this section, we study the product set of two convex polygons (including interior). It is known that for every convex polygon K 1 with vertexes µ 1 , . . . , µ n , then
In Section 3.1, we will show that the product set of two convex polygons may not be starshaped. In particular, we have a product set of two triangles that are not star-shaped. This gives a negative answer to the conjecture in [8] .
Products of polygons that are not star-shaped
In this subsection, we show that there are examples K 1 and K 2 such that K 1 K 2 is not starshaped. The first example has the form
is not star-shaped. We can construct another example of the form
, which is symmetric about the real axis, such that
We are going to show that a) if s is a star center of
Let S be a closed and bounded subset of C, with 0 ∈ S. Suppose t ∈ R and S∩{re it : r > 0} = ∅.
follows that ρ
Note that x + iy ∈ S 2 ⇔ 4(x + iy) ∈ (2L 1 )(2L 1 ). Then, applying Lemma 2.
, we have
This means that the curve {z 2 : z ∈ L 1 } is a boundary curve of S 2 . By Proposition 1.2, if s were a star-center of S 2 , then the segment K(s, z 2 ) must be in S 2 for any z ∈ L 1 .
If s = x + iy is a star center of S 1 , then we must have
Then the boundary of the simply connected set
Suppose 0 < θ < π 2 and ρ
Direct calculation using Lemma 2.5 and Proposition 2.3 shows that ρ
2 ) 1 (θ); see the following figures.
We conclude that K 1 K 1 is not star-shaped.
Next, we modify Example 3.1 to Example 3.2 so
and α 2 = 0.95e
In this case, one can regard K 1 = W (A) for some real symmetric A ∈ M 4 . The product set K 1 K 2 will be larger than the product set considered in Example 3.1. Neverthe-less, we can analyze the product of the sets L i L j for i, j = 1, 2, 3, 4, where
contains the boundary of the simply connected set K 1 K 1 . Again one can show that the part of the boundary {z 2 : z ∈ K(α 1 ,ᾱ 1 )} of L 1 L 1 is also part of the boundary of K 1 K 1 so that 1 = α 1ᾱ1 ∈ K 1 K 1 is the only possible candidate to serve as a star-center for K 1 K 1 . However, none of the set L i L j contains the set {t + (1 − t)0.95 2 i : 0 < t < 1/3}. Thus, the line segment joining 1 and α 2 2 = 0.95 2 i is not in K 1 K 1 . Hence, 1 is not the star center of K 1 K 1 , and K 1 K 1 is not star-shaped.
A necessary and sufficient condition
In the following result, we establish a necessary and sufficient condition for the product of two polygons to be a star-shaped set.
. From Proposition 1.1 (a), we only need to prove that given any 1 ≤ i 1 , i 2 ≤ n and 1
Without loss of generality, we may assume that for r = 1, 2, i r = j r = r, α r = 1 + ia r and β r = 1 + ib r satisfy one of the conditions (a), (b) or (c) in Theorem 2. 4 .
Since K(p, α r β t ) ⊆ K 1 K 2 for r, t = 1, 2, by the fact that K 1 K 2 is simply connected, we see that
Note that ∂(CC) = V∪U and Consider the following three cases:
We have the following consequence of Theorem 3.3.
Corollary 3.4
Let K 1 be a triangle set with K 1 = K 1 . Then K 1 = K(r, a, a) for some r ∈ R and a ∈ C. The product set P = K 1 K 1 is a star-shaped set with |a| 2 as a star center.
Proof. By Theorem 3.3, it suffices to show that K(|a| 2 , q) ∈ P for all q ∈ {r 2 , ra, ra, a 2 , a 2 }.
1. For 0 ≤ t ≤ 1, let f (t) = (tr + (1 − t)a)(tr + (1 − t)a) ∈ P . Since f (0) = |a| 2 and f (1) = r 2 , we have K(|a| 2 , r 2 ) ∈ P .
2. K(|a| 2 , ra) = aK(a, r) ⊆ P . 3 . K(|a| 2 , r(a) = aK(a, r) ⊆ P . 4 . K(|a| 2 , a 2 ) = aK(a, a) ⊆ P .
K(|a|
Suppose A ∈ M n is a real matrix. Then W (A) is symmetric about the real axis. By Corollary 3.4, if A ∈ M 3 is a real normal matrix, then W (A)W (A) is star-shaped. In fact, if A is Hermitian, then W (A)W (A) is convex; otherwise, |a| 2 is a star center, where a,ā are the complex eigenvalues of A. Theorem 4.1 Let K 1 = K(α, β) for some α, β ∈ C and K 2 be a compact convex sets in C. Then K 1 K 2 is star-shaped.
We begin with the following easy cases. Proposition 4.2 Suppose that K 1 = K(α, β) is a line segment and that K 2 is a (not necessarily compact) convex set.
(1) If 0 ∈ K 1 ∪ K 2 , then K 1 K 2 is star-shaped with 0 as a star center. 
We may assume that ξ 1 = 1. Then
For every p ∈ K 1 and q ∈ K 2 , we will show that
To this end, note that
So, we have K(αβ, v) ∈ K(α, β)K(α, β, q) for any v ∈ {α 2 , αβ, αq, β 2 , βq}, which is the set of the product of vertexes of K(α, β) and K(α, β, q). By Theorem 3.3, K(α, β)K(α, β, q) is star-shaped with αβ as a star center. Thus,
From now on, we will focus on convex sets K 1 and K 2 that do not satisfy the hypotheses in Proposition 4.2 (1) -(3). In particular, we may find ξ 1 and ξ 2 so that ξ 1 K 1 = K(â,b) and ξ 2 K 2 is a compact convex set containingĉ,d and lying in the cone
There could be five different configurations of the two sets ξ 1 K 1 and ξ 2 K 2 as illustrated in Figure 6 . (Here, we assume that Proposition 4.2 (3) does not hold so that we do not have the case c ≤ a < b ≤ d.) If K 1 , K 2 are put in these "canonical" positions, we can describe the star centers of K 1 K 2 in the next theorem. 
such that the hypotheses of Proposition 4.2 (1) - (3) do not hold. Then K 1 K 2 is star-shaped and one of the following holds.
We need some lemmas to prove Theorem 4.3.
Lemma 4.4 Suppose
Then there exists ξ 1 , ξ 2 such that ξ 1 C = 1 + i tan(θ C − θ 1 ) and
Consequently, we have
Proof. First consider C and P . Then θ 1 is the angle from − − → CD to − − → CP . Then the result follows from simple geometry.
On one also can calculate directly with
For the second statement, apply the above result on D and P , the complex conjugate of D and P . star-shaped with (1 + ic)(1 + id) as a star center.
Thus, the only nontrivial case is when (u, v) = (â, p).
By continuity, we may assume that t 1 , t 2 > 0. We consider two cases. Case 1 Suppose (p) ≤ 1. Then by Lemma 4.4 and Theorem 2.4,
Case 2 Suppose (p) > 1. By Lemma 4.4, there exists α 0 such that α 0ĉ = 1 + c 1 i and
intersects K(âp,dp) andĉd lies inside the triangle with verticesâp,dp,âd (see Figure 8) . Thus, K(ĉd,âp) is in the interior of the region enclosed by K(dp,ĉd) Figure 8 .
In both cases, we have
Lemma 4.6 Suppose a < b ≤ c < d, p = t 1 (1 + ic) + t 2 (1 + id) is nonzero for some t 1 , t 2 ≥ 0 and K 1 = K(1 + ia, 1 + ib), and K 2 = K(1 + ic, 1 + id, p). Assume also that there is no ξ ∈ C such that K 1 ⊆ ξK 2 . Then K 1 K 2 is star-shaped and (1 + bi)(1 + ci) is a star center.
Proof. Letâ = 1 + ia,ĉ = 1 + ic,d = 1 + id. Similar to the previous lemma, it is enough to show that K(bĉ,âp) ⊆ K 1 K 2 for any p = t 1ĉ + t 2d such that t 1 , t 2 ≥ 0.
Let ξ ∈ C such that ξK(ĉ, p) is a vertical line segment with real part 1. If ξK(ĉ, p) ⊆ K(â,b), then by Corollary 2.6,bĉ is a star-center of K 1 K(ĉ, p) and hence K(bĉ,âp) ⊆ K 1 K 2 . Otherwise, we have ξK(ĉ, p) ⊆ K(â,b) and K 1 K(ĉ, p) is as shown in Figure 9 (c) in the figure below. This will only happen if (p) < 1. Sinceâp = t 1 (ĉâ) + t 2dâ for some t 1 , t 2 ≥ 0 such that t 1 + t 2 < 1, thenâp ∈ K(0,ĉâ,dâ) andbp ∈ K(0,ĉb,db). Note also that 0 and pâ are separated by the line segment K(ĉb,ĉâ). Hence, pâ is in the quadrilateral K 1 K(ĉ,d) and therefore K(âp,ĉb) ⊆ K 1 K 2 . This finishes the proof thatĉb is a star center for
Proof of Theorem 4.3: Note that (d) follows from (b) by consideringK 1K2 . Similarly, (e) follows from (a). Thus, we only need to prove (a)-(c).
To prove that s is a star center of K 1 K 2 , we show that for any p ∈ K 2 , s is a star center of K 1 K(ĉ,d, p). To accomplish this, it is enough to show that K(s, uv) ⊆ K 1 K 2 for all pairs (u, v) ∈ {b,â} × {ĉ,d, p} by Theorem 3.3, where p = t 1ĉ + t 2d for some t 1 , t 2 ≥ 0.
For (a), the conclusion follows directly from Lemma 4. 
To prove (b), it is enough to show that K(ĉb,âp) ⊆ K 1 K 2 for all p ∈ K 2 . We consider two cases, 1 . Suppose p = t 1d + t 2b for some t 1 , t 2 ≥ 0. Then by Lemma 4.6,bĉ is a star-center of
2. Suppose p = t 1b + t 2ĉ for some t 1 , t 2 ≥ 0. Then by Lemma 4.5,bĉ is a star-center of
In both cases,bĉ is a star-center for
It is clear that Theorem 4.1 follows from Proposition 4.2 and Theorem 4.3.
A circular disk and a closed set
It is known that the product of two circular disks is star-shaped [3, 4, 7, 8] . In this section, we will prove some unexpected results that if K 1 is a circular disk, then for many closed sets K 2 , the product set is star-shaped. We will use D(µ, R) to denote the closed disk with center µ ∈ C and radius R ≥ 0. Note that if 0 ∈ K 1 , then for every non-empty set K 2 , K 1 K 2 is star-shaped with 0 as star center. Suppose 0 ∈ K 1 , we can always scale K 1 so that it is a circular disk centered at 1 with radius r < 1.
We have the following results showing that the product set of a circular disk and another set would be star-shaped under some very general conditions. We begin with the following observation. D(1, r) . Then the product D(1, r){b} is a disk containing 1 − r 2 .
From the above simple proposition, we get the following. 
Therefore, tz Apart from the nice results above, there are some limitations about the star-shapedness of the product set of a circular disk and another set in C as shown in the following. 
Additional results and further research
We have to assume compactness in most of our results. One may wonder what happen if we relax this assumption. The following example shows that without the end points, the product of two line segments may not be star-shaped.
Example 6.1 Let K 1 = K 2 be the line segment joining 1 + i and 1 − i without the end points. Then K 1 K 2 has no star center.
Verification. Note that the closure of K 1 K 2 equals S = K(1 + i, 1 − i)K(1 + i, 1 − i) has a unique star-center 2. The set K 1 K 2 is obtained from S by removing the line segments K(2, 2i) and K(2, −2i). The only point in the closure can reach all the points in K 1 K 2 is 2, but it is not in
Recall that an extreme point of a compact convex set S ⊆ C is an element in S that cannot be written as the mid-point of two different elements in S. If S is a polygon (with interior) then its vertexes are the extreme points. We can extend Theorem 3.3 to the following. Theorem 6.2 Let K 1 , K 2 ⊆ C be compact convex sets. Then K 1 K 2 is star-shaped if and only if there is p ∈ K 1 K 2 such that K(p, ab) ⊆ K 1 K 2 for any extreme points a ∈ K 1 and b ∈ K 2 .
Proof. If K 1 K 2 is star-shaped, then a star center p ∈ K 1 K 2 satisfies K(p, c) ⊆ K 1 K 2 for any c ∈ K 1 K 2 . Now, suppose there is p ∈ K 1 K 2 satisfying K(p, ab) ⊆ K 1 K 2 for any extreme points a ∈ K 1 and b ∈ K 2 . Let µ = µ 1 µ 2 with µ 1 ∈ K 1 , µ 2 ∈ K 2 . By the Caretheodory theorem µ 1 ∈ K(a 1 , a 2 , a 3 ) and µ 2 ∈ K(b 1 , b 2 , b 3 ) for some extreme points a 1 , a 2 , a 3 ∈ K 1 and b 1 , b 2 , b 3 ∈ K 2 . (Some of the a i 's may be the same, and also some of the b i 's may be the same.) Suppose p = p 1 p 2 with p 1 ∈ K 1 and p 2 ∈ K 2 . Then p 1 ∈ K(a 4 , a 5 , a 6 ) and p 2 ∈ K(b 4 , b 5 , b 6 ) for some extreme points a 4 , a 5 , a 6 ∈ K 1 and b 4 , b 5 , b 6 ∈ K 2 . By Theorem 3.3, K(p, µ 1 µ 2 ) ⊆ K(a 1 , . . . , a 6 )K(b 1 , . . . , b 6 ) ⊆ K 1 K 2 . Thus, p is a star center of K 1 K 2
Another observation is the following extension of Proposition 1.1(b). Note that we do not need to impose compactness conditions on K 1 or K 2 . Proposition 6.3 Suppose K 1 ⊆ C is star-shaped with 0 as a star center. Then for any non-empty subset K 2 ⊆ C, the set K 1 K 2 is star-shaped with 0 as a star center.
There are other interesting questions deserve further research. We mention a few of them in the following.
P1
Find necessary and sufficient conditions on K 1 and K 2 so that K 1 K 2 is convex or star-shaped.
In the context of numerical range if A ∈ M 2 , then W (A) is an elliptical disk. So, it is also of interest to study the following.
P2 Let K 1 , K 2 be two elliptical disks. Determine conditions on K 1 , K 2 so that K 1 K 2 is starshaped or convex.
One may also consider the following.
P3
Characterize those elliptical disks K 1 such that K 1 K 2 is star-shaped for all compact convex set K 2 .
More generally, one may consider the following.
P4
Characterize those compact convex sets K 1 such that K 1 K 2 is convex or star-shaped for any compact convex set K 2 .
In connection to Problem P4, we have shown that if K 1 is a close line segment or a close circular disk, then K 1 K 2 is star-shaped for any compact convex set K 2 . These results are are also connected to Problem P3 because a line segment and a circular disk can be viewed as elliptical disks.
It is also interesting to study the Minkowski product of s (convex) sets K 1 , . . . , K s . The study will be more challenging. As pointed out in [8] , the set K 1 · · · K s may not be simply connected in general. Nevertheless, our results in Section 5 and Proposition 6.2 imply the following.
